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Note

On the Degree of Approximation by Step Functions

O. SHISHA

Department of Mathematics, University of Rhode Island, Kingston,
Rhode Island 02881

Let -00 < a < b < 00. For n = 1,2,... set x~n) = a + j(b - a) n-\
j = 0, 1,... , n, so that In,J = (x~~I , x~n»), j = 1, 2,... , n, are n congruent
subintervals of (a, b). Also, for n = 1, 2, ... letSn be the set of all realfunctions
on [a, b] - {x~n>, xin>, ... , x~)} which are constant in each In,J , j = 1, 2,... , n.

THEOREM. Given a real function f on (a, b), and ex > 0, a necessary and
sufficient condition for f to satisfy in (a, b) a Lipschitz condition of order ex is
that for n = 1, 2,... there exists an Sn E Sn such that

C being a constant.

Necessity is immediate: Suppose If(y) - f(x)1 :s;; L(y - x)'" whenever
a < x < y < b. For n = 1, 2,... let six) be, throughout each
In,J,J = 1,2,..., n, the value off at the midpoint of In,J so that, throughout
that interval, If(x) - sn(x)I :s;; L[(b - a)j(2n)]"'. Thus (1) holds for n = 1,2,...
with C = L[(b - a)j2]"'. The main point oft his note is the use ofthe following
argument, employed in [1] and [2], to show sufficiency. Let a < x < y < b.
Let no be the largest positive integer n for which [x, y] lies in some In,J,
1 :S;;j :s;; n. Theny - x :;?; (b - a)j(6no)' For otherwise, if, say, [x, y] C Inn,io '

1 <Jo :s;; no , then [x, y] would lie either in one of the two (open) halves of
Ino,Joor in its (open) middle third; in each of these cases the maximality of no
is contradicted. By (l),

If( y) - f(x)1 = !U( y) - sno( y)} + {sno(x) - f(x)}!

:s;; 2Cjno'" :s;; 2C[6j(b - a)]'" (y - x)"'.

Remarks. 1. Observe that if a real functionf satisfies in (a, b) a Lipschitz
condition of order 0:(> 0), then it satisfies it in [a, b], with appropriate values
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f(a),f(b). 2. IfJis a real function on (a, b), and iffor n = 1,2,... there exists
an Sn E Sn satisfying (1) with ex. > 1, then by the Theorem, Jmust be constant
in (a, b).

The above Theorem is given, under the explicit assumption that J is
continuous in [a, b], in the mimeographed notes [3]. Also, the Theorem is
essentially the case k = 0 of Theorem 1 of [4].

REFERENCES

1. O. SHISHA, A characterization of functions having Zygmund's property, J. Approxima­
tion Theory 9 (1973), 395-397.

2. O. SmsHA, Characterization of smoothness properties of functions by means of their
degree of approximation by splines, J. Approximation Theory 12 (1974), 365-371.

3. J. P. KAHANE, "Teoria Constructiva de Functiones" (mimeographed), Universidad
de Buenos Aires, Departamento de Matematicas, 1961.

4. F. RICHARDS, On the saturation class for spline functions, Proc. Amer. Math. Soc.
33 (1972), 471---476.


